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============

Shortest paths in position and orientation space are central in this paper. Dubins describes in \[[@CR21]\] the problem of finding shortest paths for a car in the plane between initial and final points and direction, with a penalization on the radius of curvature, for a car that has no reverse gear. Reeds and Shepp consider in \[[@CR50]\] the same problem, but then for a car that does have the possibility for backward motion. In both papers, the focus lies on describing and proving the general shape of the optimal paths, without giving explicit solutions for the shortest paths.
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                \begin{document}$$(\cos \theta (t),\sin \theta (t),0)$$\end{document}$ and (0, 0, 1), see Fig. [1](#Fig1){ref-type="fig"}. The SR curve optimization problem and the properties of its geodesics in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^2 \times \mathbb {S}^1$$\end{document}$ have been studied and applied in image analysis by \[[@CR2], [@CR11], [@CR16], [@CR22], [@CR37], [@CR48]\], and in particular for modeling the Reeds--Shepp car in \[[@CR10], [@CR44], [@CR52]\], whereas the latter presented a complete and optimal synthesis for the geometric control problem on $\documentclass[12pt]{minimal}
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                \begin{document}$$d=3$$\end{document}$ have been studied in \[[@CR25]\] and for general *d* in \[[@CR24]\]. Apart from the Reeds--Shepp car problem, there are other examples relating optimal control theory and SR geometry, see for example the books by Agrachev and Sachkov \[[@CR2]\] and Montgomery \[[@CR45]\]. Applications in robotics and visual modeling of SR geometry and control theory can be found in, e.g., \[[@CR56]\].Fig. 1Top: a car can only move in its current orientation or change its current orientation. In other words, when the path $\documentclass[12pt]{minimal}
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                \begin{document}$$(\cos \theta (t), \sin \theta (t),0)$$\end{document}$ and (0, 0, 1), of which the green plane on the right is an example. Bottom: the meaning of shortest path between points in an image is determined by a combination of a cost computed from the data, the restriction above and a curvature penalization. The path optimization problem is formulated on the position-orientation domain such as in the image on the right. The cost for moving through the orange parts is lower than elsewhere (Color figure online)

On the left in Fig. [2](#Fig2){ref-type="fig"}, we show an example of an optimal path between two points in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^2$$\end{document}$ of this curve has two parts where the car moves in reverse (the red parts of the line), resulting in two cusps. From the perspective of image analysis applications this is undesirable and it is a valid question what the optimal paths are if cusps and reverse gear are not allowed. In this paper, similar to the difference between the Dubins car and the Reeds--Shepp car, we also consider this variant: it can be accounted for by requiring that the spatial propagation is forward. This variant falls outside the SR framework and requires asymmetric Finsler geometry instead.

Furthermore, we would like to extend the Finsler metric using two data-driven factors that can vary with position and orientation. This can be used to compute shortest paths for a car, where for example road conditions and obstacles are taken into account. In \[[@CR8]\] it is shown this approach is useful for tracking vessels in retinal images. Likewise, the 3D variant of the problem provides a basis for algorithms for blood vessel detection in 3D magnetic resonance angiography (MRA) data or detection of shortest paths and quantification of structural connectivity in 5D diffusion-weighted magnetic resonance imaging (MRI) data of the brain.Fig. 2Top: example of a shortest path with (left) and without (right) reverse gear in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^2 \times S$$\end{document}$. The paths in the lifted space are smooth, but vertical tangents appear in both cases. In the left figure, the projection of the path has two cusps, and the first and last part of the path is traversed backward (the red parts). On the right, backward motion is not possible. Instead, according to our model, the shortest path is a concatenation of an in-place rotation (green), a SR geodesic and again an in-place rotation. Bottom: corresponding control sets as defined in ([7](#Equ7){ref-type=""}) for the allowed velocities at each position and orientation, with $\documentclass[12pt]{minimal}
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### Definition 1 {#FPar1}
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### Remark 1 {#FPar2}

(Terminology) We use the common terminology of 'Finsler metric' for $\documentclass[12pt]{minimal}
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Throughout the document, we use the words path and curve synonymously. When we consider formal curve optimization problem ([1](#Equ1){ref-type=""}), we speak of geodesics for the stationary curves. Such stationary curves are locally minimizing. A global minimizer of ([1](#Equ1){ref-type=""}) is referred to as minimizing geodesic or minimizer.

Geometry of the Reeds--Shepp Model {#Sec3}
----------------------------------
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The Eikonal Equation and the Fast-Marching Algorithm {#Sec4}
----------------------------------------------------

We compute the distance map to a point source on a volume using the relation to eikonal equations. Let $\documentclass[12pt]{minimal}
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We design a monotone and causal discretization scheme for static Hamilton--Jacobi PDE ([5](#Equ5){ref-type=""}), which allows to apply an efficient, single-pass fast-marching algorithm \[[@CR59]\]. Let us emphasize that designing a causal discretization scheme for ([5](#Equ5){ref-type=""}) is non-trivial, because its local connectivity needs to obey an *acuteness property* \[[@CR55], [@CR61]\] depending on the geometry defined by $\documentclass[12pt]{minimal}
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Shortest Paths and Minimal Distances in Medical Images {#Sec5}
------------------------------------------------------

The application of the Hamilton--Jacobi framework for finding shortest paths has been shown to be useful for vessel tracking in retinal images \[[@CR8]\], see Fig. [3](#Fig3){ref-type="fig"} (top, right). The computational advantage of the fast-marching solver over the numerical method in \[[@CR8]\] in this setting was demonstrated by Sanguinetti et al. \[[@CR53]\]. A related approach using fast marching with elastica functionals can be found in \[[@CR14], [@CR15]\]. The sub-Riemannian approach by Bekkers et al. \[[@CR8]\] concerns the two-dimensional Reeds--Shepp car model with reverse gear, where 2D grayscale images are first lifted to an orientation score \[[@CR23]\] defined on the higher-dimensional manifold $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^2 \times \mathbb {S}^1$$\end{document}$. There, the combination of the sub-Riemannian metric, the cost function derived from the orientation score, and the numerical *anisotropic* fast-marching solver, provided a solid approach to accurately track vessels in challenging sets of images.

In the previous works \[[@CR8], [@CR9]\] the clear advantage of sub-Riemannian geometrical models over isotropic Riemannian models on $\documentclass[12pt]{minimal}
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In this work we will show similar benefits for our sub-Riemannian tracking in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^d \times \mathbb {S}^{d\!-\!1}$$\end{document}$) generically deals with the 'leakage problem' where wavefronts leak at crossings in the conventional eikonal frameworks acting directly in the image domain. See Fig. [4](#Fig4){ref-type="fig"} where our solution to the 'leakage problem' is illustrated for $\documentclass[12pt]{minimal}
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                \begin{document}$$d=2$$\end{document}$). Bottom: conventional geodesic wavefront propagation in images (in red) typically leaks at crossings, whereas wavefront propagation in orientation scores (in green) does not suffer from this complication. A minimum intensity projection over orientation gives optimal fronts in the image. The cost for moving through the orange parts is lower than elsewhere and is computed from the orientation score, see, e.g., \[[@CR8]\]. The 'leakage problem' is gone both for propagating symmetric sub-Riemannian spheres (left), and it is also gone for propagation of asymmetric Finsler spheres (right) (Color figure online)

Regarding image analysis applications, we propose to use the same strategy of sub-Riemannian and Finslerian tracking above the extended base manifold $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^{3} \times \mathbb {S}^{2}$$\end{document}$ of positions and orientations for fiber tracking and structural connectivity in brain white matter in diffusion-weighted MRI data. For diffusion-weighted MRI images, a signal related to the amount of diffusion of water molecules is measured, which in the case of neuroimages is considered to reflect the structural connectivity in brain white matter. The images can in a natural way be considered to have domain $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega \subset \mathbb {R}^3 \times \mathbb {S}^2$$\end{document}$. Figure [3](#Fig3){ref-type="fig"} (bottom) illustrates such images. On the left we use a glyph visualization that shows a surface for each grid point, where the distance from the surface to the corresponding grid point $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^{3}\times \mathbb {S}^2$$\end{document}$ and do not require an 'orientation score' as depicted in Figs. [1](#Fig1){ref-type="fig"} and [4](#Fig4){ref-type="fig"}.

A large number of tractography methods exist that are designed to estimate/approximate the fiber paths in the brain based on dMRI data. Most of these methods construct tracks that locally follow the structure of the data, see, e.g., \[[@CR20], [@CR58]\] or references in \[[@CR34]\]. More related to our approach are geodesic methods that have the advantage that they minimize a functional, and thereby are less sensitive to noise and provide a certain measure of connectivity between regions. These methods can be based on diffusion tensors in combination with Riemannian geometry on position space, e.g., \[[@CR30], [@CR33], [@CR35]\]. One can also make use of the more general Finsler geodesic tracking to include directionality \[[@CR38], [@CR39]\] and use high angular resolution data (HARDI), examples of which can be found in \[[@CR5], [@CR54]\]. Recently, a promising method has been proposed, based on geodesics on the full position and orientation space using a data-adaptive Riemannian metric \[[@CR47]\]. We also work on this joint space of positions and orientations, but use either Riemannian or asymmetric Finsler metrics that are highly anisotropic that we solve by a numerical fast-marching method that is able to deal with this high anisotropy. We show on artificial datasets how our method can be employed to give shortest paths between two regions w.r.t the imposed Finsler metric and that these paths correctly follow the bundle structure.

Contributions and Outline {#Sec6}
-------------------------

The extension to 3D of the Reeds--Shepp car model and the adaptation to model shortest paths for cars that cannot move backward are new and provide an interesting collection of new theoretical and practical results:In Theorem [1](#FPar4){ref-type="sec"} we show that the Reeds--Shepp model is globally and locally controllable, and that the Reeds--Shepp model without reverse gear is globally but not locally controllable. Hence, the distance map loses continuity.We introduce regularizations $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {F}_0^+$$\end{document}$ leads to geodesics that are a concatenation of purely angular motion, a sub-Riemannian geodesic without cusps and again a purely angular motion. We call the positions where in-place rotation (or purely angular motion) takes place *keypoints*. For uniform cost, we show that the only possible keypoints are the begin and endpoints, and for many end conditions we can describe how this happens. The precise theoretical statement and proof are found in Theorem [3](#FPar12){ref-type="sec"}.Furthermore, we show in Theorem [4](#FPar17){ref-type="sec"} how the geodesics can be obtained from the distance map, for a general Finsler metric, and in the more specific cases that we use in this paper. For our cases of interest, we show that backtracking of geodesics is either done via a single intrinsic gradient descent (for the models with reverse gear) or via two intrinsic gradient descents (for the model without reverse gear).For our numerical experiments we make use of a fast-marching implementation, for $\documentclass[12pt]{minimal}
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                \begin{document}$$d = 2$$\end{document}$ introduced in \[[@CR41]\]. In Section 6 we give a summary of the numerical approach for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d = 3$$\end{document}$, but a detailed discussion of the implementation and an evaluation of the accuracy of the method are beyond the scope of this paper and will follow in future work. For $\documentclass[12pt]{minimal}
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                \begin{document}$$d = 2$$\end{document}$, we show an extensive comparison between the models with and without reverse gear for uniform cost, to illustrate the useful principle of the keypoints and to show the qualitative difference between the two models. In examples with non-uniform cost, see for example the top row of Fig. [3](#Fig3){ref-type="fig"}, we show that the model places the keypoints optimally at corners/bifurcations in the data, where the in-place rotation forms a natural, *automatic* 're-initialization' of the tracking.For $\documentclass[12pt]{minimal}
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                \begin{document}$$d = 3$$\end{document}$, we give several examples to show the influence of the model parameters, in particular the cost parameter. The examples indicate that the method adequately deals with crossing or kissing structures.*Outline* In Sect. [2](#Sec7){ref-type="sec"}, we give a detailed overview of the theoretical results of the paper. Theorems [1](#FPar4){ref-type="sec"}, [3](#FPar12){ref-type="sec"} and [4](#FPar17){ref-type="sec"} are discussed and proven in Sects. [3](#Sec13){ref-type="sec"}, [4](#Sec14){ref-type="sec"} and [5](#Sec15){ref-type="sec"}, respectively. The reader who is primarily interested in the application of the methods may choose to skip these three sections. The proof of Theorem [2](#FPar5){ref-type="sec"} is given in 'Appendix A' section. We discuss the numerics briefly in Sect. [6](#Sec16){ref-type="sec"}. Section [7](#Sec18){ref-type="sec"} contains all experimental results. Conclusion and discussion follow in Sect. [8](#Sec27){ref-type="sec"}. For an overview of notations, 'Appendix D' section may be helpful.

Main Results {#Sec7}
============

In this section, we state formally the mathematical results announced in Sect. [1](#Sec1){ref-type="sec"}. Some preliminaries regarding the distance function are introduced in the section below. Results regarding the exact Reeds--Shepp car models are gathered in Sect. [2.2](#Sec9){ref-type="sec"}. The description of the approximate models and the related convergence results appears in Sect. [2.3](#Sec10){ref-type="sec"}. Analysis of special interest points (cusps and keypoints) is done in Sect. [2.4](#Sec11){ref-type="sec"}. Results on the eikonal equation and subsequent backtracking of minimizing geodesics via intrinsic gradients are presented in Sect. [2.5](#Sec12){ref-type="sec"}.

Preliminaries on the (Quasi-)Distance Function and Underlying Geometry {#Sec8}
----------------------------------------------------------------------
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### Remark 2 {#FPar3}
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A common technique in optimal control theory is to reformulate the shortest path problem defining the distance $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {B}_\mathcal {F}({\mathbf {p}})$$\end{document}$ as defined in ([7](#Equ7){ref-type=""}). The latter reformulation is used in 'Appendix A' section to prove convergence results via closedness of controllable paths and Arzela--Ascoli's theorem, based on a general result originally applied to Euler elastica curves in \[[@CR13]\].
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Finally, we note that for the uniform cost case ($\documentclass[12pt]{minimal}
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Controllability of the Reeds--Shepp Model {#Sec9}
-----------------------------------------

A model $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({\mathbb {M}}, d_\mathcal {F})$$\end{document}$ is *globally controllable* if the distance $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d_\mathcal {F}$$\end{document}$ takes finite values on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {M}}\times {\mathbb {M}}$$\end{document}$; in other words, a car can go from any place on the manifold to any other place in finite time. In Theorem [1](#FPar4){ref-type="sec"} we show that this is indeed the case for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {F}= \mathcal {F}_0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {F}= \mathcal {F}_0^+$$\end{document}$, given in ([2](#Equ2){ref-type=""}) and ([3](#Equ3){ref-type=""}). *Local controllability* is satisfied when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d_\mathcal {F}$$\end{document}$ satisfies a certain continuity requirement: if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {p}}\rightarrow {\mathbf {q}}\in (\mathbb {M},\Vert {\cdot }\Vert )$$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert {\cdot }\Vert $$\end{document}$ denoting the standard (flat) Euclidean norm on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {M}={\mathbb {R}}^{d} \times \mathbb {S}^{d-1}$$\end{document}$, we must have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d_{\mathcal {F}}({\mathbf {p}},{\mathbf {q}}) \rightarrow 0$$\end{document}$. We prove in Theorem [1](#FPar4){ref-type="sec"} that the metric space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({\mathbb {M}}, d_{\mathcal {F}_0})$$\end{document}$ is locally controllable, but the quasi-metric space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({\mathbb {M}},d_{\mathcal {F}_0^+})$$\end{document}$ is not. Indeed the SR Reeds--Shepp car can achieve sideways motions by alternating the forward and reverse gear with slight direction changes, whereas the model without reverse gear lacks this possibility. For completeness, the theorem contains a standard (rough) estimate of the distance near the source (due to well-known estimates \[[@CR16], [@CR31], [@CR49], [@CR57]\]).

Furthermore, we prove existence of minimizers for the Reeds--Shepp model without reverse gear. Existence results of minimizers of the model with reverse gear (the SR model) already exist, by the Chow--Rashevsky theorem and Filippov theorems \[[@CR2]\].

### Theorem 1 {#FPar4}
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For a proof see Sect. [3](#Sec13){ref-type="sec"}.

A Continuous Approximation for the Reeds--Shepp Geometry {#Sec10}
--------------------------------------------------------
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### Theorem 2 {#FPar5}

(Convergence of the approximative models to the exact models) One has the pointwise convergence: for any $\documentclass[12pt]{minimal}
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### Remark 3 {#FPar6}

If there exists a family of minimizing geodesics $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\gamma _i^*)_{i \in I}$$\end{document}$ from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {p}}$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {q}}$$\end{document}$ with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {F}_0$$\end{document}$ (resp. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {F}_0^+$$\end{document}$), then one can show that for any sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon _n \rightarrow 0$$\end{document}$ one can find a subsequence and an index $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i \in I$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _{\varepsilon _{\varphi (n)}}^* \rightarrow \gamma _i^*$$\end{document}$ uniformly as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\rightarrow \infty $$\end{document}$.
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Points of Interest in Spatial Projections of Geodesics for the Uniform Cost Case: Cusps Versus Keypoints {#Sec11}
--------------------------------------------------------------------------------------------------------

Next we provide a theorem that tells us in each of the models/metric spaces $\documentclass[12pt]{minimal}
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Note that for vessel tracking (or fiber tracking) applications, cusps are not wanted as they are unnatural for vessels (or fibers), whereas keypoints are only desirable at bifurcations of vessels. In the data-driven case, the practical advantage of the forward-only model resulting in keypoints instead of cusps can indeed be observed (see, e.g., Figs. [13](#Fig13){ref-type="fig"}, [14](#Fig14){ref-type="fig"}).

### Definition 2 {#FPar7}
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Although this definition explains the notion of a cusp geometrically (as can be observed in Figs. [2](#Fig2){ref-type="fig"}, [6](#Fig6){ref-type="fig"}), it contains a redundant part for the relevant case of interest: the second condition automatically follows when considering the SR geodesics in $\documentclass[12pt]{minimal}
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### Lemma 1 {#FPar8}
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The proof can be found in 'Appendix C' section.

### Definition 3 {#FPar9}
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### Definition 4 {#FPar10}

We define the set to be all endpoints that can be reached with a geodesic $\documentclass[12pt]{minimal}
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### Remark 4 {#FPar11}

The word 'geodesic' in this definition can (in the case $\documentclass[12pt]{minimal}
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Fig. 7The set of endpoints reachable from the origin $\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar12}
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### Remark 6 {#FPar14}
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The Eikonal PDE Formalism {#Sec12}
-------------------------
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### Corollary 1 {#FPar16}
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The proof of Proposition [1](#FPar15){ref-type="sec"} and Corollary [1](#FPar16){ref-type="sec"} can be found in Sect. [5](#Sec15){ref-type="sec"}.

We finally specialize geodesic ODE ([23](#Equ23){ref-type=""}) to the models of interest. Note that for the model $\documentclass[12pt]{minimal}
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### Theorem 4 {#FPar17}
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### Remark 7 {#FPar18}

General abstract formula ([29](#Equ29){ref-type=""}) reflects that the backtracking in $\documentclass[12pt]{minimal}
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### Remark 8 {#FPar19}
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### Remark 9 {#FPar20}

Recall the convergence result from Theorem [2](#FPar5){ref-type="sec"}, and the non-local-controllability for the model $\documentclass[12pt]{minimal}
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Theorem [4](#FPar17){ref-type="sec"} can be extended to the SR case:

### Corollary 2 {#FPar21}
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Now that we stated our 4 main theoretical results we will prove them in the subsequent sections (and 'Appendix A' section).

Controllability Properties: Proof of Theorem [1](#FPar4){ref-type="sec"} and Maxwell Points in $\documentclass[12pt]{minimal}
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=============================================================================================================================

**(Global controllability)** The two considered Reeds--Shepp models $\documentclass[12pt]{minimal}
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Proof {#FPar24}
-----
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To prove local controllability of the model $\documentclass[12pt]{minimal}
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Remark 10 {#FPar25}
---------

In view of the above one might expect that the point $\documentclass[12pt]{minimal}
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Lemma 3 {#FPar26}
-------
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Proof {#FPar27}
-----
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Remark 11 {#FPar28}
---------
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Cusps and Keypoints: Proof of Theorem [3](#FPar12){ref-type="sec"} {#Sec14}
==================================================================

In this section we provide a proof of Theorem [3](#FPar12){ref-type="sec"} on the occurrence of cusps and keypoints. For the uniform cost case $\documentclass[12pt]{minimal}
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Eikonal Equations and Backtracking: Proof of Proposition [1](#FPar15){ref-type="sec"}, Corollary [1](#FPar16){ref-type="sec"} and Theorem [4](#FPar17){ref-type="sec"} {#Sec15}
======================================================================================================================================================================
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Lemma 4 {#FPar29}
-------
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Proof {#FPar30}
-----
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Now Proposition [1](#FPar15){ref-type="sec"} follows from Lemma [4](#FPar29){ref-type="sec"} by writing out the dual norm, using for each $\documentclass[12pt]{minimal}
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Now that we have derived the eikonal equations, we obtain backtracking Theorem [4](#FPar17){ref-type="sec"} by Proposition [4](#FPar53){ref-type="sec"} in 'Appendix B' section, which shows us that level sets of solutions of the eikonal equations are geodesically equidistant surfaces and that geodesics are found by an intrinsic gradient descent.

However, to obtain the explicit backtracking formulas we differentiate the Hamiltonian, rather than the dual metric, which is equivalent thanks to ([57](#Equ57){ref-type=""}) (in Remark [14](#FPar55){ref-type="sec"} in 'Appendix B' section). We focus below on the model $\documentclass[12pt]{minimal}
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Remark 12 {#FPar31}
---------
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Discretization of the Eikonal PDEs {#Sec16}
==================================

Causal Operators and the Fast-Marching Algorithm {#Sec17}
------------------------------------------------

The fast-marching algorithm is an efficient numerical method \[[@CR59]\] for numerically solving static first-order Hamilton--Jacobi--Bellman (or simply eikonal) PDE ([5](#Equ5){ref-type=""}) which characterizes the distance map *U* to a fixed source point $\documentclass[12pt]{minimal}
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*A semi-Lagrangian scheme* We implemented two discretizations of eikonal equation ([5](#Equ5){ref-type=""}) which benefit from the causality property. The first one is a semi-Lagrangian scheme, inspired by *Bellman's optimality principle* which informally states that any subpolicy of an optimal policy is an optimal policy. Formally, let $\documentclass[12pt]{minimal}
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Note that this approach could also be applied in dimension $\documentclass[12pt]{minimal}
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                \begin{document}$$({\mathbb {M}}, d_{\mathcal {F}_{\varepsilon }})$$\end{document}$ featuring a reverse gear. We present only a single assessment of the numerical performance of our method, see Fig. [12](#Fig12){ref-type="fig"}. We compare numerically obtained shortest paths with exact SR geodesics for a small number of endpoints that correspond to various types of curves. For fair end conditions (a, b, c) the numerical curves are close to the exact curves. For very challenging end conditions inducing torsion (d) or extreme curvature (e) the curves are further from the exact SR geodesics. An extensive evaluation of the performance of the numerics is left for future work.Fig. 13Comparison between the shortest paths from end points (black) to one of the exits (green) in a model map of Centre Pompidou, for cars with (left, blue lines) and without (right, red lines) reverse gear. The yellow arrows indicate the orientation of the curve. The background colors show the distances at each position, minimized over the orientation. White points left indicate the cusps, and white points right indicate the (automatically placed) keypoints where in-place rotations take place (Color figure online)

Applications {#Sec18}
============

To show the potential of anisotropic fast marching for path tracing in 2D and 3D (medical) images we performed experiments on each of the datasets in Fig. [3](#Fig3){ref-type="fig"}:a 2D toy example using a map of Centre Pompidou,a 2D retinal image,two synthetic diffusion-weighted magnetic resonance imaging (dMRI) datasets, with different bundle configurations.We use the 2D datasets to point out the difference in results when using the metric $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {F}_\varepsilon ^+$$\end{document}$ that occur instead of (possibly unwanted) cusps.

On the synthetic dMRI datasets we present the first application of our methods to this type of data. We present how a cost function can be extracted from the data, and how this leads to correct tracking of bundles, similar to the 2D case. The benefits of anisotropic metrics compared to isotropic metrics are demonstrated by performing backtracking for various model parameter variations.

The experiments were performed using an anisotropic FM implementation written in C++, for $\documentclass[12pt]{minimal}
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                \begin{document}$$d = 3$$\end{document}$ will be described in future work. Mathematica 11.0 (Wolfram Research, Inc., Champaign, IL) was used for further data analysis, applying Wolfram LibraryLink (Wolfram Research, Inc., Champaign, IL) to interface with the FM library.

Applications in 2D {#Sec19}
------------------

### Shortest Path to the Exit in Centre Pompidou {#Sec20}

To illustrate the difference between the models with and without reverse gear and to show the role of the keypoints for non-uniform cost, we use a map of Centre Pompidou as a 2D image, see Fig. [13](#Fig13){ref-type="fig"}. The walls (in black) have infinite cost, everywhere else the cost is 1. We place endpoints (black dots) in various places of the museum and look for the shortest path from those points to one of the two exits, regardless of the end orientation. Since there are now two exits, say at $\documentclass[12pt]{minimal}
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On the left of Fig. [13](#Fig13){ref-type="fig"} we see optimal paths (in blue) obtained using the Finsler metric $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {F}= \mathcal {F}_\varepsilon $$\end{document}$. The fast-marching algorithm successfully connects all endpoints to one of the exits. Some of the geodesics have cusps, indicated with white points, resulting in backward motion on (a part of) the curve. The colors show the distance $\documentclass[12pt]{minimal}
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On the right, the optimal paths using the asymmetric Finsler metric $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon $$\end{document}$ is small but nonzero, there can still be small sideways motion.) The shortest paths for this model are successions of sub-Riemannian geodesics and of in-place rotations, which can be regarded as reinitializations of the former: the orientation is adapted until an orientation is found from which the path can continue in an optimal sub-Riemannian way.

We stress that the fast-marching algorithm has no special treatment for keypoints, which are only detected in a postprocessing step. We observe that keypoints are automatically positioned at positions where it makes sense to have an in-place rotation. Small differences in the distance maps between $\documentclass[12pt]{minimal}
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                \begin{document}$$(\mathbb {M},d_{\mathcal {F}_{\varepsilon }})$$\end{document}$ with given boundary conditions (both forward and backward). Right: SR geodesics (in red) in $\documentclass[12pt]{minimal}
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                \begin{document}$$(\mathbb {M},d_{\mathcal {F}_{\varepsilon }^+})$$\end{document}$ with the same boundary conditions. We recognize one end-condition case where on the left we get a cusp, whereas on the right we have a keypoint (with in-place rotation) precisely at the bifurcation (Color figure online)

### Vessel Tracking in Retinal Images {#Sec21}

Another application is vessel tracking in retinal images, for which the model with reverse gear and the fast-marching algorithm have shown to be useful in \[[@CR8], [@CR53]\]. Although the algorithm works fast and led to successful vessel segmentation in many cases, in some cases, in particular bifurcations of vessels, cusps occur. Figure [14](#Fig14){ref-type="fig"} shows one such example on the left. The image has resolution $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon = 0.1$$\end{document}$. The orientations of the end conditions A, B and C (white arrows) are chosen tangent to the vessel, where we considered both the forward case and the backward case. The vessel with end condition C is particularly challenging, since it comes across a bifurcation. For the tracking of this vessel, we indicated the orientation with yellow arrows.
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                \begin{document}$$({\mathbb {M}},d_{\mathcal {F}_\varepsilon })$$\end{document}$, corresponding to the blue tracks on the left half of Fig. [14](#Fig14){ref-type="fig"}, gives a correct vessel tracking for the forward end conditions of A and B, for both values of $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi $$\end{document}$. This is obviously the better choice than the backward cases. However, for end condition C, neither the forward or backward with neither values of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi $$\end{document}$ gives a vessel tracking without cusps. On the other hand, if we use the constrained model $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi $$\end{document}$ brings these points closer to the bifurcation. Taking the backward end conditions in combination with this model, we see in some cases that end locations are first passed by the vessel tracking algorithm, until it reaches a point where in-place rotation is cheaper, and then returns to the end position.Fig. 15Comparison of the results of backtracking on a 2D plane in a synthetic dMRI dataset on $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {p}}_e$$\end{document}$ is a location on a glyph, and *s* and *p* are chosen based on visualization clarity

Application to Diffusion-Weighted MRI Data {#Sec22}
------------------------------------------

DW-MRI is a magnetic resonance technique for noninvasive measurement of water diffusion in fibrous tissues \[[@CR46]\]. In the brain, diffusion is less constrained parallel to white matter fibers (or axons) than perpendicular to them, allowing us to infer the paths of these fibers. The diffusion measurements are distributions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mathbf {y}, \mathbf {n}) \mapsto U(\mathbf {y},\mathbf {n})$$\end{document}$ within the manifold $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {M}}$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d=3$$\end{document}$. From these measurements a fiber orientation distribution (FOD) can be created, yielding a probability of finding a fiber at a certain position and orientation \[[@CR60]\].

Backtracking is performed through forward Euler integration of the backtracking PDE involving the intrinsic gradient, following Theorem [4](#FPar17){ref-type="sec"} and Eqs. ([28](#Equ28){ref-type=""}) and ([31](#Equ31){ref-type=""}). The spatial derivative was implemented as a first-order Gaussian derivative. The angular derivatives are implemented by a first-order spherical harmonic derivative. The latter has the key advantage that in a spherical harmonic basis exact analytic computations can be done. Here, one must rely on two-fold recursions in \[[@CR28], Lemma 2 & 4\], so that the poles due to a standard Euler angle parameterization of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {S}^{2}$$\end{document}$ do not appear in exact recursions of Legendre polynomials!
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                \begin{document}$$\mathcal {C}_{2}$$\end{document}$ come in a spherical sampling or if one wants to work in a spherical sampling (e.g., higher-order tessellation of the icosahedron) in a fast-marching method, then one can easily perform the pseudo-inverse of the discrete inverse spherical harmonic transform, where one typically keeps the number of spherical harmonics very close to the number of spherical sampling points, so that maximum accuracy order is maintained for computing angular derivatives in the intrinsic gradient descent of Theorem [4](#FPar17){ref-type="sec"}.

### Construction of the Cost Function {#Sec23}

The synthetic dMRI data are created by generating/simulating a fiber orientation density (FOD) of a desired structure. There are sophisticated methods for this, e.g., \[[@CR12], [@CR17]\], but evaluation on phantom data constructed with these tools is left for future work. Here we use a basic but practical method on two simple configurations of bundles in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^3$$\end{document}$, the ones on the bottom row in Fig. [3](#Fig3){ref-type="fig"}. In each voxel inside a bundle, we place a spherical $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta $$\end{document}$-distribution with an FOD kernel that was extracted from real dMRI data and is related to the dMRI signal measured in a voxel with just a single orientation of fibers. Spherical rotation of the FOD kernel is done in the spherical harmonics domain by use of the Wigner D-matrix to prevent interpolation issues. We compose from all distributions an FOD function $\documentclass[12pt]{minimal}
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We use the FOD *W* to define the cost function $\documentclass[12pt]{minimal}
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### Influence of Model Parameters {#Sec24}

The first synthetic dataset consists of a curved and a straight bundle (tube), which cross at two locations as shown in Fig. [15](#Fig15){ref-type="fig"}. The experiments using metric $\documentclass[12pt]{minimal}
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### Positive Control Constraint {#Sec25}

For the application of FM in dMRI data it is desirable that the resulting geodesic is not overly sensitive to the boundary conditions, i.e., the placement and orientation of the geodesic tip. Furthermore, since neural fibers do not form cusps, these are undesirable in the backtracking results. In Fig. [16](#Fig16){ref-type="fig"} the backtracking results are shown for the cases without reverse gear $\documentclass[12pt]{minimal}
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We conclude that without the positive control constraint, small changes in tip orientation cause large variations in the traced geodesic in the metric space $\documentclass[12pt]{minimal}
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### Robustness to Neighboring Structures {#Sec26}

A pitfall of methods that provide globally minimizing curves using a data term is that dominant structures in the data attract many of the curves, much like the highway usually has the preference for cars rather than local roads. This phenomenon is to a certain extent unwanted in our applications, and we illustrate with the following example that it can be circumvented using a sub-Riemannian instead of Riemannian metric. We use the dataset as introduced in Fig. [3](#Fig3){ref-type="fig"}. It consists of one bundle that has torsion (green) and that crosses with another bundle (blue), and a third bundle (red) that is parallel with the first in one part. The cost in these bundles is constructed in the same way as above, but now the cost in the red bundle is twice as low as in the other bundles. A small part of the data is visualized on the left of Fig. [17](#Fig17){ref-type="fig"}. These data are used to construct the cost function as explained above.
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We conclude that the SR geodesics in $\documentclass[12pt]{minimal}
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Conclusion and Discussion {#Sec27}
=========================

We have extended the existing methodology for modeling and solving the problem of finding optimal paths for a Reeds--Shepp car to 3D and to a case without reverse gear. We have shown that the use of the constrained model leads to more meaningful shortest paths in some cases and that the extension to 3D has opened up the possibility for tractography in dMRI data.

Instead of using a hard constraint on the curvature as in the original paper by Reeds and Shepp \[[@CR50]\], we used symmetric and asymmetric Finsler metrics. We have introduced these metrics, $\documentclass[12pt]{minimal}
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We have captured theoretically some of the nature of the distance maps and geodesics following from the new constrained model. We have shown in Theorem [1](#FPar4){ref-type="sec"} that both models are globally controllable, but only the unconstrained model is also locally controllable.

The sub-Riemannian and sub-Finslerian nature is difficult to capture numerically. To this end, we introduced approximating Finsler metrics $\documentclass[12pt]{minimal}
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We have analyzed cusps in the metric space $\documentclass[12pt]{minimal}
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                \begin{document}$$(\mathbb {M},d_{\mathcal {F}_{0}^+})$$\end{document}$ occur only on the boundary, and we provided analysis on how this happens. In Theorem [4](#FPar17){ref-type="sec"} we have shown how minimizing geodesics in $\documentclass[12pt]{minimal}
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To obtain solutions for the distance maps and optimal paths, we used a fast-marching method. By formulating an equivalent problem to the minimization problem for optimal paths in the form of an eikonal equation, the FM method can be used using specific discretization schemes. We briefly compared the numerical solutions using $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon \ll 1$$\end{document}$ with the exact sub-Riemannian geodesics in SE(2) with uniform cost, which showed sufficient accuracy for not too extreme begin and end conditions.

To show the use of our method in image analysis, we have tested it on two 2D problems and two 3D problems. All four experiments confirm that the combination of the eikonal PDE formulation, the fast-marching method and the construction of the non-uniform cost from the images, results in geodesics that follow the desired paths. From the experiment on an image of Centre Pompidou, with constant, finite cost everywhere except for the walls, it followed that instead of having cusps when using the Finsler metric $\documentclass[12pt]{minimal}
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The basic experiments on 3D show advantages of the model $\documentclass[12pt]{minimal}
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                \begin{document}$$(\mathbb {M},d_{\mathcal {F}_{1}})$$\end{document}$ in the sense that the minimizing geodesics better follow the curvilinear structure and deal with crossings and nearby parallel bundles (even if torsion is present). Furthermore, we have shown the advantage of model $\documentclass[12pt]{minimal}
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The strong performance of the Reeds--Shepp car model in 2D vessel tracking and positive first results on artificial dMRI data, encourages us to pursue a more quantitative assessment of the performance in both 3D vessel tracking problems and in actual dMRI data. Such 3D vessel tracking problems are encountered in, for example magnetic resonance angiography. In future work we will elaborate on the implementation and evaluation of the fast-marching and the iterative PDE implementation of \[[@CR27], Appendix B\]. Furthermore, we aim to integrate locally adaptive frames \[[@CR26]\] into the Finsler metrics $\documentclass[12pt]{minimal}
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A Well-Posedness and Convergence of the Reeds--Shepp Models {#Sec28}
===========================================================

We introduce in 'Appendix A.1' section some general elements of control theory, which are specialized in 'Appendix A.2' section to the Reeds--Shepp models and their approximations.

A.1 Closedness of Controllable Paths {#Sec29}
------------------------------------

In this section, we introduce the notion of an admissible path $\documentclass[12pt]{minimal}
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In line with identity ([9](#Equ9){ref-type=""}), we rely on the following definition where we rescale the time interval to \[0, 1\].

### Definition 9 {#FPar39}
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### Corollary 4 {#FPar42}
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More generally, if infimum ([52](#Equ52){ref-type=""}) is realized by a family $\documentclass[12pt]{minimal}
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A.2 Specialization to the Reeds--Shepp Models {#Sec30}
---------------------------------------------

We begin this section by recalling, and slightly generalizing, the notion of Finsler metric introduced in Sect. [2.2](#Sec9){ref-type="sec"}. We then prove that the Reeds--Shepp metrics $\documentclass[12pt]{minimal}
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### Definition 10 {#FPar44}
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The next proposition is due to ([9](#Equ9){ref-type=""}).

### Proposition 2 {#FPar45}
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### Proposition 3 {#FPar46}
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This basic lemma, stated without proof, is used in the next lemma to obtain an explicit estimate of the Hausdorff distance between the controls sets of the Reeds--Shepp models.
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=================================================================================

This section is devoted to a generic ingredient in the proof of Theorem [4](#FPar17){ref-type="sec"}, regarding backtracking of Geodesics in the (quasi)-metric space $\documentclass[12pt]{minimal}
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Remark 14 {#FPar55}
---------
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C Characterization of Cusps: Proof of Lemma [1](#FPar8){ref-type="sec"} {#Sec32}
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Note that we use upper indices for the control's (velocity components) as they are contravariant.
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